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Abstract

Submerged vegetation is a key component in natural and restored rivers. It preserves the ecological balance yet has an impact on the flow
carrying capacity of a river. The hydraulic resistance produced by submerged flexible vegetation depends on many factors, including the
vegetation stem size, height, number density and flow depth. In the present work a numerical model is used to generate synthetic velocity profile
data for hydraulic roughness determination. In the model turbulence is simulated by the Spalart-Allmaras closure with a modified length scale
which is dependent on the vegetation density and vegetation height to water depth ratio. Flexibility of vegetation is accounted for by using a
large deflection analysis. The model has been verified against available experiments. Based on the synthetic data an inducing equation is derived,
which relates the Manning roughness coefficient to the vegetation parameters, flow depth and a zero-plane displacement parameter. Furthermore,
the uncertainty of the inducing equations in the estimation of the Manning roughness is assessed and the propagation of the uncertainty due to
the variability of the vegetation and flow parameters existed in nature is investigated by using the method of Unscented Transformation (UT).
The UT is found efficient and gives a more accurate estimation of the mean Manning roughness coefficient and provides information on the
covariance of the roughness coefficient.
© 2014 International Association for Hydro-environment Engineering and Research, Asia Pacific Division. Published by Elsevier B.V. All rights
reserved.
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1. Introduction

Submerged vegetation is a key component in natural and
restored rivers. The ongoing promotion of the natural devel-
opment of wetlands and other restoration projects to enhance
development within river basins favors the growth of sub-
merged vegetation. Vegetation preservation is of great signif-
icance to the ecological balance yet has a hydraulic impact on
the flow carrying capacity. The hydraulic resistance produced
by submerged flexible vegetation depends on many factors,
including the vegetation stem size, plant height, number den-
sity and flow depth.

Carollo et al. (2005) reported that the application of the
well-known Kouwen's method overestimated the flow resis-
tance in an open channel with flexible vegetation. The co-
efficients in the logarithmic equation of flow resistance were
subsequently recalibrated against their experimental data. It
was analyzed dimensionally that at high vegetation density,
the shear Reynolds number has to be included in the flow
resistance law. Jarvela (2005) investigated experimentally the
flow resistance above flexible vegetation in an open channel
flume using Acoustic Doppler Velocimetry technique and
confirmed that the logarithmic velocity profile for smooth
open channel flow is altered in vegetated flow and the Darcy-
Weisbach's friction factor can be related to the maximum shear
stress which occurs approximately at the deflected plant
height.* Corresponding author.
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Wilson (2007) investigated the variation of hydraulic
roughness parameters with flow depth and found that the
Manning roughness coefficient increases with decreasing flow
depth reaching an asymptotic constant at high submergence
depth ratio (water depth to vegetation height). The value of the
constant is dependent on the vegetation height and other
vegetation properties. Baptist et al. (2007) proposed three
equations describing the vegetation induced resistance from
different angles. Two equations were based on analytical
approach, and one equation was based on analyzing of the
synthetic data generated by a 1-D k-ε model using the genetic
programming approach.

Nikora et al. (2008) studied the impacts of vegetation on
hydraulic resistance and suggested a simple quantitative relation
to predict these effects based on flow and vegetation parameters.
The analysis showed that the submergence depth ratio is the
major parameter to determine hydraulic roughness. Taka-aki
and Nezu (2010) examined experimentally the flow structure
in an open channel flow with flexible vegetation and confirmed
that the zero plane displacement is well correlated with the plant
deflected height and that the friction factor increases with the
deflected height. Therefore, the mean deflected height was
suggested to be a key parameter for hydraulic roughness.

In nature the vegetation parameters have variability which
can be described by the mean and covariance. For engineering
design and management, it is important to know the variability
of the roughness coefficient. There are a lot of methods
developed for uncertainty analysis, such as the Monte Carlo
method, the Automatic Differentiation technique and the Un-
scented Transform (UT) method. In the Monte Carlo method a
large sample of output data is generated for analysis through
the known probability distribution of the input parameters.
The computational effort can be substantial. Recently, the UT
method has been developed to capture the mean and variance
of the output distribution by using the information at multiple
points in the input space (e.g., Julier, 2002). The method is
derivative-free and requires less function evaluations.

In the present work the numerical modeling approach is
used to generate synthetic velocity profile data for hydraulic
roughness determination. In the model turbulence is simulated
by the Spalart-Allmaras closure with a modified length scale
which is dependent on the vegetation density and water depth
to vegetation height ratio. Flexibility of vegetation is
accounted for by using a large deflection analysis. The model
is verified against available experiments. Based on the syn-
thetic data an inducing equation is derived, which relates the
Manning roughness coefficient to the vegetation parameters,
flow depth and a zero-plane displacement parameter. The
derived equation is compared with an existing equation, as
well as the data sets of flume experiments conducted by
various researchers. The predictive capability of the derived
equation is subsequently tested in field conditions. Finally, the
uncertainty of the inducing equation is assessed and the UT
method is employed to investigate the variability of the
Manning roughness due to the propagation of uncertainty from
the input parameters. A significant portion of the modeling
work has been reported in Busari and Li (2013), the present

work provides further verification of the inducing equation and
conducts uncertainty analysis of the equation.

2. Numerical model

The numerical model for the determination of hydraulic
roughness is based on conservation of mass and momentum of
fluid.

Continuity equation:
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where xi (¼ x, y, z) are the coordinates in longitudinal,
transverse and vertical directions respectively; ui (¼ u, v, w)
are the time-averaged velocity components in x, y and z di-
rections respectively; t ¼ time; r ¼ density of fluid;
nm ¼ molecular viscosity, tij ¼ �ru0iu

0
j ¼ Reynolds stresses,

Fi(¼ Fx, Fy, Fz) are the resistance force components per unit
volume induced by vegetation in x, y and z directions
respectively. gi ¼ (0, 0, �9.81 m/s2) are the components of the
gravitational acceleration. The Reynolds stresses are repre-
sented by the eddy viscosity model:
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i is the turbulent kinetic energy which can be

absorbed into the pressure gradient term, nt ¼ eddy viscosity.
The eddy viscosity nt is specified by the Spalart-Allmaras
(SA) turbulence model which involves the solution of a new
eddy viscosity variable n. The version of the model used is for
near-wall region and finite Reynolds number, which is most
relevant to the present problem (Spalart and Allmaras, 1994).
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where, cw2 and cw3 are constants (see nomenclature).
Sn ¼ ffiffiffiffiffiffiffiffiffi

ujuj
p ¼ magnitude of the vorticity, k ¼ von Karman

constant and d ¼ length scale.
cw1 ¼ cb1

k2
þ 1þcb2

s
. This turbulence model is a one-equation

model which is simpler than the commonly used k-ε or k-u
model and it has been successfully applied in the modeling of
certain free-shear flow, wall-bound flow and separated flow
problems. The resistance force due to vegetation is determined
by the quadratic friction law. The average force per unit vol-
ume within the vegetation domain is obtained by.

Fi ¼ 1

2
rCDbvNui

ffiffiffiffiffiffiffiffi
ujuj

p
i¼ 1;2 ð5Þ

where CD ¼ drag coefficient of stem.
For wall bounded shear flow, the turbulence length scale

d is proportional to the distance from the point of interest to
the channel bed. In the presence of vegetation, the turbulence
eddies above the vegetation canopy may not reach the channel
bed and thus the turbulence length scale will be reduced. One
approach to model the reduction in the turbulence length scale
is to set a zero plane displacement parameter z0. The proposed
turbulence length scale of a point at level z is given by.

L¼ Z � Z0 Z> kd>Z0

L¼ Zðkd � Z0Þ=kd Z<kd
ð6Þ

where kd ¼ deflection vegetation height.
Natural vegetation bends in high flow and the horizontal

deflection at the top of a vegetation stem can be of the same
order as the deflected stem height. Hence, the classical small
deflection theory of a beam may not be adequate for a vege-
tation stem with high flexibility. In this study, a large deflec-
tion analysis based on the Euler-Bernoulli law for bending of a
slender beam has been used to describe the deflection of a
vegetation stem (Li and Xie, 2011). In the analysis each
vegetation stem is modeled as a vertical in-extensible non-
prismatic slender beam of length l. The water flow produces
variable distributed loads qx(s) on the beam along the x-

direction as shown in Fig. 1. Combining the Euler-Bernoulli
law for the local bending moment and the equations of the
equilibrium of forces and moments, the following fourth order
nonlinear equation in the deflection d is obtained.
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where s ¼ local ordinate along the beam, E ¼ flexural stiff-
ness, I ¼ second moment of area and d ¼ deflection in x-di-
rection. The vegetation stem is taken as inextensible as the
total length remains constant. By dividing the stem into n
equal part of constant length Ds, the z-ordinate of the i th node
is obtained by

zi ¼
Xi

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ds2 � ðdi � di�1Þ2

q
ð8Þ

The deflected height of the stem is then equal to zn.
Equation (7) is solved by using a quasi-linearized central finite
difference scheme. To save computational effort, the solution
is expressed in non-dimensional form relating the deflected
height to the applied force, and is approximated by a poly-
nomial. Details can be found in Li and Xie (2011).

Under uniform flow condition, the problem becomes one-
dimensional and the 1D version of the numerical model by
Li and Zeng (2009) can be used. The flow variables are the
longitudinal velocity component u1 and the eddy viscosity,
varying along the vertical direction. The boundary conditions
are as follows. At the free water surface the normal gradients
of the variables are zero. At the bottom the velocity is deter-
mined by the wall function and the eddy viscosity is deter-
mined by the mixing length hypothesis.

3. Model verification

Four cases have been chosen for the verification of the
numerical model. The flow and vegetation parameters for the
experiments are shown in Table 1. The number of grids used is
61 and the time step size is in the order of 0.0005s to ensure
computational stability. Grid convergence study shows that
further reduction of grid size does not affect the results
apparently.

Fig. (2) shows the comparison between the numerical re-
sults and the experimental data of rigid vegetation of Lopez
and Garcia (2001). The computed velocity profile above the
vegetation layer agreed well with that reported in the experi-
ment. The difference between the presently computed velocity
above vegetation and the corresponding measured value is less
than 7%. Similar accuracies are obtained for the simulation of
the experimental cases of both rigid and flexible vegetation
due to Dunn et al. (1996), as shown in Fig. (3).

Fig. 1. Schematic diagram of large deflection of a beam carrying distributed

load.
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The computed and measured velocity profiles for the cases
of Wilson (2007) are shown in Fig. (4). The flexibility of the
grass was not determined in the experiments. In the numerical
simulation the flexural rigidity of grass was calibrated to
reproduce the observed deflected height. The profile is in non-
dimensional form and is obtained by combining the results of
several experiments with different h/kv ratios. The computed
results and measured data are almost overlapping. The results
show a good correlation of the trend of variation of the ve-
locity with h/kv ratio within the range of selected water depth.

Fig. (5) displays the computed and measured velocity
profiles for the case of Jarvela (2005). The shear velocity is
defined using the clear water depth (equal to total water depth
minus the vegetation height), which is the same as that
adopted by Jarvela (2005). The computed results are in good
agreement with the measured data in the clear water zone and
exhibit a low velocity region in the vegetation layer. There was
no data recorded within the vegetation region, primarily due to
the high vegetation density.

The vegetation induced roughness can be expressed in
terms of the Manning coefficient through the Manning equa-
tion for uniform flow. The capacity of the numerical model in
predicting the vegetation induced roughness effect is examined
in 117 cases with available experimental data. The data were
measured in laboratory flumes, covering a wide range of
vegetation parameters and flow depths, and were reported in
six independent literature (Ikeda, 1996; Poggi et al., 2004;

Jarvela, 2005; Carollo et al., 2005; Velasco et al., 2008;
Zeng, 2011). In the computations, for cases in which the
drag coefficient is not specified, the value of 1.2 is adopted. If
the deflected height of vegetation is not specified, it will be
computed using the large deflection analysis described above.
The zero-plane displacement has been fine tuned to give the
best fit result. The values of the Manning coefficient derived
from the experimental data are compared with the calculated
values using the model. Fig. (6) shows the well agreement
between the computed values and the measured data, with the
difference generally within 10%.

4. Inducing equations

4.1. Fitting equations

Numerical experiments have been carried out against
available experimental data to obtain an empirical equation of
zo which is given by.

z0
k
¼ f bv
f bv þ ab

ð9Þ

where fv is the vegetative resistance parameter (¼ CDNbvkv), a
and b are constants. The equation is in reasonable agreement
with the equation proposed by Raupach (1994).

Several empirical equations for vegetation induced rough-
ness have been proposed previously, including Kouwen and
Unny (1973) for flexible vegetation, Baptist et al. (2007) and
Gu (2007) for rigid vegetation. The equations are of the
following general form.

n¼ h1=6ffiffiffi
g

p ½aþ b logðh=ksÞ� ð10Þ

where a, b are parameters dependent on the flow and vegeta-
tion parameters; ks is a roughness parameter. In this study a
refined empirical equation for vegetal roughness is derived
from the numerical model generated synthetic data and will be
compared with the other available equations. After extensive
tests the following equation is proposed.

n¼ h1=6ffiffiffiffi
2g
fv

q
þA0
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g

p
k
ln

�
h�z0

0

kv�z0
0
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Table 1

Flow and vegetation parameters of cases for numerical model verification.

Investigator Run N(m�2) h(m) kv(m) bv(mm) Type um(m/s) S (%)

Lopez and Garcia (2001) Exp. 1 142 0.335 0.12 6.35 Rigid 0.876 0.36

Jarvela (2005) R4-8 12,000 0.707 0.26 2.80 Flexible 0.129 0.02

R4-9 12,000 0.704 0.22 2.80 Flexible 0.185 0.03

Wilson (2007) A-2 833,333 0.04e0.17 0.016 Flexible 0.13e0.35 0.10

Dunn et al. (1996) 2 172 0.229 0.118 6.35 Flexible 0.422 0.36

6 43 0.267 0.118 6.35 Flexible 0.733 0.36

13 172 0.368 0.152 6.35 Rigid 0.536 0.36

15 43 0.257 0.132 6.35 Rigid 0.398 0.36

h ¼ water depth, um ¼ mean velocity, S ¼ channel bottom slope.

Fig. 2. Velocity profile comparison for Lopez and Garcia, (2001). Solid line e

computed; circle e measured.
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where A0 is an empirical parameter and k ¼ 0.41. The
parameter, Z 0

o represents a modified zero plane displacement
parameter and is given by

z00 ¼ z0 exp

 
�h

f
3=4
v

!
ð12Þ

where h ¼ 3.7. Numerical simulations show that the parameter
‘A’ is a nonlinear function of h/kv. The fitting of eq. (12) to the
synthetic data from numerical simulations leads to the
following quartic polynomial equation.
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where a1, a2, a3 and a4 are constants equal to 0.0043, �0.0608,
0.2550 and �0.1604 respectively. The correlation coefficient
of the fitting is high and is equal to 0.991. Fig. (7) shows that
the fitting is the best at lower values of h/kv, and has larger
discrepancy when fv is low and h/kv is high (i.e. in the low
hydraulic resistance range).

A simplified form of equation (11) can be obtained by
noting that the exponential function in equation (12) ap-
proaches 1 at very high vegetation density ( fv/∞). In that
case z0o/z0, and equation (11) takes the following form:

n¼ h1=6ffiffiffiffi
2g
fv

q
þA
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g

p
k
ln

�
h�z0
kv�z0

� ð14Þ

The fitting of equation (14) to the synthetic data yields a
quadratic polynomial equation of A and h/k with correlation
coefficient approximately equal to 1. The equation is given by:

A
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h

kv

�
¼ b1

�
h

kv

�2

þ b2

�
h

kv

�
þ 0:3951 ð15Þ

where b1 and b2 equal to 0.0165 and 0.0379 respectively.

4.2. Verification of equations

Equations (11) and (14) are then verified by the experi-
mental data and compared with the equation proposed by
Baptist et al. (2007). The available experiments are subdivided
into three categories with different vegetation densities and
submergence. A brief description of the parameters of the data
sets is shown in Table 2. In parallel the inducing equation by
Baptist et al. (2007) is also employed for comparison. The

Fig. 3. Velocity profile comparison for Dunn et al. (1996). Run 2 and 6 (top row) for rigid vegetation; Run 13 and 15 (bottom row) for flexible vegetation. (Cross e
measured; solid line e computed).

Fig. 4. Velocity profile comparison for Wilson, (2007). Circle e computed;

Triangle e measured.
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equation is as follows and is simpler than equations (11) and
(14), but the zero plane displacement parameter is not
included.

n¼ h1=6ffiffiffiffi
2g
fv

q
þ
ffiffi
g

p
k
ln

�
h
kv

� ð16Þ

For category I in which the vegetation density is low, the
vegetation is artificial and is either rigid or flexible. The
comparison results are presented in Fig. (8), showing good
agreement between the empirical equations and the experi-
mental data. equation (11) gives the best fit results.

Category II consists of data corresponding to natural or
artificial vegetation with medium density and wider range of
degree of submergence. The results in Fig. (9) show that the
equations generally yield good results comparing with the
experimental data. equation (16) overestimates the Manning
roughness at higher vegetation density whereas equation (14)
produces wider scattering of the results around the line of
perfect agreement.

In category III, the vegetation is natural and of very high
density, ranging from 28,000 to 44,000 stems/m2. In the
simulation it was found that the drag coefficient needed to be

adjusted to 0.1 due to the large deflection of the plants and the
significant sheltering effect induced. Fig. (10) shows that the
results computed by equation (11) and equation (16) bias on
the high side and overestimates the Manning's roughness co-
efficient. The degree of scatter increases with decreasing
Manning roughness coefficient. equation (14), however, gives
good prediction results. This is mainly because the zero plane
displacement zo is important for these cases with high vege-
tation density. Water flow is significantly retarded by the
vegetation and the turbulence eddies cannot penetrate into the
lower vegetation region. equation (14) is most sensitive to the
change in zo.

4.3. Further verification of equations

Recently, two new hydraulic roughness models for vege-
tated flows were proposed by Yang and Choi (2010) and
Cheng (2011). They were both developed using the concept of
two-layer approach to the velocity profile of vegetation flow.
The equation due to Yang and Choi (2010) is:

n¼ h1=6ffiffiffiffi
2g
fn

q
þ 1

k

ffiffiffiffiffiffiffiffiffiffiffi
gðh�kvÞ

h

q �
Cu ln

�
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��� h
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� 1

�� ð17Þ

where Cu ¼ 1 for Nbn � 5 m�1 and Cu ¼ 2 for Nbn > 5 m�1.
The simplified form of the equation due to Cheng (2011) is:

n¼ h1=6ffiffiffiffiffiffiffiffiffiffiffi
gð4�2Þ3
32fn
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where C ¼ 1.8614 and z ¼ Npbn

2
.

The proposed empirical equation (equation (14)) is further
compared with the equations above using a large set of
experimental data from nine investigators (Cheng, 2011). The
results are shown in the Fig. (11) and Fig. (12) for rigid
vegetation and flexible vegetation, respectively. For flexible
vegetation in Fig. (12), the value of CD is computed by using
the empirical equation due to Cheng (2011). The figures depict
that the three equations are of similar accuracies in predicting

Fig. 5. Velocity profile comparison for Jarvela, (2005). Run R4-8 (left), Run R4-9 (right). Solid line e computed; circle e measured.

Fig. 6. Comparison between the measured values and computed values of

Manning coefficient ＋; Ikeda and Kanazawa (1996); , Poggi et al. (2004);

△; Jarvela (2005); *; Carollo et al. (2005); e;Velasco et al. (2008); � Zeng

(2011)
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the Manning roughness for rigid vegetation, while the pro-
posed equation yields better results for cases with highly
flexible vegetation.

4.4. Field application

While most empirical equations were validated against
laboratory measurement data only (e.g. Klopstra et al., 1997;
Stephan and Gutknecht, 2002; Brian and Shen, 2002; Gu,

2007 and Baptist et al., 2007), the present study extends the
validation study against field data. Nikora et al. (2008) studied
the impacts of aquatic vegetation on hydraulic resistance in
five small streams and suggested empirical equations to pre-
dict these effects. The reach length of stream considered
varied from 12 to 30 m. The dominant vegetation types of
varying flexibility and variable morphology under consider-
ation were Charophytic alga (Nitella hookeri), Myriophyllum
sp., Riccia sp., Filamentous algae and Elodea canadensis.

Fig. 7. Fitting equation (11) and synthetic data for different submergence ratio (Blue dots denote synthetic data; green line e fitting equation). (For interpretation of

the references to color in this figure legend, the reader is referred to the web version of this article.)
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In the simulation the parameter frk (¼ CDbvN) is not
available and needs to be estimated. The drag coefficient CD is
in the order of 1, the exact value depends on the streamlined
flow effect due to vegetation deflection. The stem width bv lies
between 4 and 6 mm and the density N depends on the plant
characteristics (Bowmer et al., 1995; Hofstra et al., 2006;
Kevin et al., 2007). In the simulation, the average stem
width is taken to be 5 mm for all vegetation types, the vege-
tation density is assumed to be 12,000/m2. Figure (13) showed
that the computed Manning's coefficients are in good agree-
ment with the measured datasets reported by Nikora et al.
(2008). The predicted value of the Manning's coefficient is
found not quite sensitive to the value of frk within the practical
range.

5. Uncertainty analysis of vegetated flow modeling

5.1. Uncertainties of input parameters and fitting
equations

For engineering design and management of vegetated
channels, it is important to estimate the uncertainty of the
hydraulic conditions of the channels. The Manning roughness
coefficient is one of the key parameters needed to be investi-
gated. It is affected by the vegetation parameter as well as the
flow conditions. In the field, the uncertainty in the vegetative
parameters is largely due to the natural variability of the
vegetation characteristics. For example, the seasonal/time
variation in the growth of plant can affect the flexural rigidity

and plant height; the spatial variation of plants may affect the
density and stem diameter. This type of (aleatory) uncertainty
cannot be eliminated. In laboratory experiments, this source of
uncertainty is not significant as identical simulated vegetation
elements are generally used. In addition, the formulation of the
induced equations relating the input vegetation and flow pa-
rameters to the hydraulic roughness coefficient will have un-
certainty. In the present study the two sources of uncertainty
are considered as a whole. The computed values of the
Manning roughness coefficient are compared with the corre-
sponding measured data. Table (3) summarizes the estimated
errors induced by equations (11), (14) and (16)e(18). The
errors are computed by using the Normalized Root Mean
Square Deviation (NRMSD) method which is defined as.

NRMSD ¼ RMSD=ðnmeasured;max � nmeasured;minÞ

RMSD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m

Xm
j¼1

�
nmeasured;j � ncomputed;j

�2s ð19Þ

The normalization using the range of measured Manning's
roughness is considered more reasonable than that using the
mean value due to the high degree of variability in the data,
especially for the field data. On average, the equations pro-
posed by Baptist et al. (2007), Cheng (2011) and Yang and
Choi (2010) and the present study appear to be more accu-
rate for rigid vegetation. equations (16) and (18) appear to be
less accurate for flexible vegetation. The proposed equations
(11) and (14) in the present study perform almost the best.
Generally, the equations perform worse for cases requiring

Table 2

A list of the datasets used in the verification of inducing equation.

Investigator(s) Category N(m�2) h/kv Vegetation characteristics

Lopez and Garcia (2001)

Huai et al. (2009)

Velasco et al. (2008)

Zeng (2011)

I �500 1.2 � h/k � 3.5 Artificial, rigid wooden dowels.

Artificial, rigid metal rods.

Artificial, flexible plastic strips.

Artificial, flexible plastic strips.

Ikeda and Kanazawa (1996)

Poggi et al. (2004)

Jarvela (2005)

II �15,000 1.4 � h/k � 5.0 Artificial, flexible Nylon filaments.

Artificial, rigid stainless steel.

Natural, flexible wheat.

Velasco et al. (2008)

Carollo et al. (2002)

Carollo et al. (2005)

III �2,0000 1.6 � h/k � 9.0 Natural, flexible Barley grass.

Grass mixture.

Grass mixture.

Fig. 8. Comparison between the measured values of n (m�1/3s) and those calculated using equation (11) (Left), equation (14) (Right) and equation (16) (Middle) for

Category I cases.
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estimation of the drag coefficient. The estimated NRMSD
uncertainty using the present fitting equations are less than
18% for the entire verification stage.

5.2. Propagation of uncertainty e unscented
transformation (UT)

UT is a deterministic method to obtain the statistical
properties (mean and covariance) of an output variable

(Manning roughness) subjected to a nonlinear transformation
through the numerical model or the inducing empirical equa-
tion. The statistical properties (mean and covariance) of the
input parameters are specified, either obtained from mea-
surements or from design requirements. A set of sigma points
for the input parameters are then chosen and the corresponding
output points are computed. The statistical properties of the
output parameter are obtained through a linear combination of
the output points with appropriate weightings. The basic idea

Fig. 9. Comparison between the measured values of n (m�1/3s) and those calculated using equation (11) (Left), equation (14) (Right) and equation (16) (Middle) for

Category II cases.

Fig. 10. Comparison between the measured values of n (m�1/3s) and those calculated using equation (11) (Left), equation (14) (Right) and equation (16) (Middle)

for Category III cases.

Fig. 11. Vegetative Manning's roughness, n (m�1/3s) comparison, (top row) for Dunn et al. (1996) and (bottom row) for Meijer (1998).
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of the method is that the statistical parameters of an output
variable can be more conveniently obtained from the nonlinear
transformation of the statistical parameters of the input vari-
ables. The method requires less function evaluations and is
considered better than the Monte Carlo simulation method in
terms of flexibility, ease of implementation and practicability
(Padulo et al., 2007; Menezes et al., 2013; St�ephanie et al.,
2013).

In UT the m-dimensional random variable x with mean x
and covariance S is approximated by 2m þ 1 weighted sam-
ples or sigma points of locations xi and weights Wi based on
the following constraints.

P2m
i¼0

Wi ¼ 1P2m
i¼0

Wixi ¼ xP2m
i¼0

Wiðxi � xÞðxi � xÞT ¼
X
x

ð20Þ

The sigma points thus are not unique and one commonly
used set is as follows.

xo¼bx¼m

xi¼mþð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþlÞS

p
Þi¼mþao

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþ6Þ

p
si i¼1;…;m

xi¼m�
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðmþlÞS
p 	

i
¼m�ao

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþ6Þ

p
si i¼mþ1;…; 2m

ð21Þ

Fig. 12. Vegetative Manning's roughness, n (m�1/3s) comparison for highly flexible vegetation.

Fig. 13. Field verification of equation (11) (left) and equation (14) (right).

Table 3

NRMSD (%) generated by different empirical equations (nc ¼ number of

cases).

Verification

stage

Investigators Equation Manning

coefficient

(%)

Reference

1. Baptist et al.

(2007)

Present study

Present study

16

14

11

13.2

12.6

11.1

Fig. 8 (nc ¼ 23)

Baptist et al.

(2007)

Present study

Present study

16

14

11

16.9

18.8

15.9

Fig. 9 (nc ¼ 21)

Baptist et al.

(2007)

Present study

Present study

16

14

11

56.2

25.5

49.8

Fig. 10 (nc ¼ 105)

2. Baptist et al.

(2007)

Yang and

Choi, (2010)

Cheng, 2011

Present study

Present study

16

17

18

14

11

8.8

7.2

8.7

8.0

8.1

Fig. 11 (nc ¼ 60)

Baptist et al.

(2007)

Yang and

Choi, (2010)

Cheng, 2011

Present study

Present study

16

17

18

14

11

94.5

26.7

136

14.8

16.1

Fig. 12 (nc ¼ 172)

3 Present study

Present study

14

11

7.4

9.6

Fig. 13 (nc ¼ 18)
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The weights for computing the mean, W
½m�
i and covariance,

W
½c�
i are

W
½m�
0 ¼ l

mþ l

W
½m�
i ¼ W

½c�
i ¼ 1

2ðmþ lÞ for i¼ 1;…; 2m

W
½c�
i ¼W

½m�
0 þ �1� a2

o þ bo

�
ð22Þ

where l, 6, ao, bo are scaling parameters (Van der Merwe,
2004; Kim and Park, 2010), m is the dimensionality and
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðmþ lÞ Sp Þi is the ith column of the matrix square root of
(mþl) S. The optimum choice of scaling parameters is:
0 < ao < 1; bo ¼ 2; 6 > 0, and l ¼ ao

2(mþ6) e m.
After transformation mapping f, the estimated mean and

covariance of the output variable are obtained by:

m0 ¼
X2m
i¼0

Wm
i f
�
x½i�
�

S0 ¼
X2m
i¼0

Wc
i

�
f
�
x½i�
�� m0��f �x½i��� m0�T ð23Þ

In case the number of input parameters is small (say 2) the
analytical solution of the mean and covariance of the output
variable can be computed easily, knowing that the probability
distribution is a normal distribution. Following Padula et al.

(2007), the fitting equations (11) and (14) are used to illustrate
the accuracy of the UT method. The input variables chosen are
fv (¼ CDNbvkv) and plant height kv. They are both assigned the
same mean value of 1, same standard deviation s (¼ 0.05, 0.1,
0.15, 0.2) and zero cross covariance for simplicity. The water
depth was assumed uniform. The average stem width of 4 mm
was selected, assuming a very flexible vegetation with
CD ¼ 0.5. The vegetation is totally submerged.

The computed results are shown in Table 4 and Table 5.
The difference between the computed and exact mean and
covariance values is around 1% and 3% respectively. The
estimated mean values of the output variable (Manning
roughness coefficient) for the two equations using the mean
values (xo) of the input parameters are also included in Table 4
and denoted by E(n). These mean values are commonly taken
as the expected value of the output parameter if no information
about the covariance is given. It can be seen that this method is
slightly less accurate than the UT method as the information of
covariance is not used.

The UT method is then used to study the uncertainty of the
Manning roughness coefficient induced by the propagation of
the variability of shape and flexibility of vegetation during
reconfiguration. Boller and Carrington (2006) conducted hy-
drodynamic experiments of 19 samples of macro-alga to
determine their drag characteristics. The measured parameters
are shown in Table 6, where CD(hv) ¼ drag coefficient in high
velocity condition (u ¼ 1.9 m/s); CD(lv) ¼ drag coefficient in
low velocity condition (u ¼ 0.5 m/s). The data are sparse and
the distribution does not strictly follow the normal distribution.
In the test case, the water depth is assumed to be approxi-
mately uniform (h ¼ 0.15 m), the vegetation density is set to
1000. The dimensionality of the problem is m ¼ 3 and 7 sigma
points are required. The sigma points are computed using
equations (20)e(22).

The analysis is carried out for the two flow regimes. The
computed results by UT using equation (14) and the 7 sigma
points are shown in Table 7. The computed coefficient of
variation (CoV) for both cases is around 0.2, showing that the
Manning roughness can have a significant variation arising
from the variability in the vegetation parameters. The
computed Manning roughness coefficient for the case using
the mean values (xo) of the input parameters is 2e5% lower

Table 4

Uncertainty propagation analysis: mean.

Test case s Exact solution UT method Relative

uncertainty (%)

Mean E(n)

Mean (n) Mean (nUT)

Equation 11 0.20 0.1219 0.1219 0.00 0.122

0.15 0.1208 0.1221 1.07

0.10 0.1221 0.1223 0.16

0.05 0.1224 0.1224 0.00

Equation 14 0.20 0.1149 0.1149 0.00 0.115

0.15 0.1141 0.1152 0.96

0.10 0.1152 0.1154 0.17

0.05 0.1155 0.1155 0.00

Table 5

Uncertainty propagation analysis: covariance.

Test case s Exact solution UT method Relative

uncertainty (%)
Covariance Covariance

Equation 11 0.2 6.777e-4 6.799e-4 0.3246

0.15 3.763e-4 3.876e-4 3.0029

0.1 1.721e-4 1.737e-4 0.9297

0.05 4.359e-5 4.361e-5 0.0459

Equation 14 0.2 3.997e-4 4.029e-4 0.8006

0.15 2.112e-4 2.172e-4 2.8409

0.1 9.281e-5 9.371e-5 0.9697

0.05 2.299e-5 2.302e-5 0.1305

Table 6

Measured parameters (Boller and Carrington, 2006).

kv bv CD(hv) CD(lv)

Mean 0.0735 0.0424 0.265 0.594

Covariance 0.0003 0.0001 0.0071 0.0359

CoV 0.222 0.225 0.318 0.319

Table 7

Computed Manning's roughness coefficient by Eq. (14) based on UT.

Mean Variance CoV xo

Low velocity (0.5 m/s) 0.0721 0.00025 0.219 0.0760

High velocity (1.9 m/s) 0.0710 0.00022 0.209 0.0721
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than that computed by UT. This indicates that the dispersion of
the input parameters exerts an effect on the mean output
values. The commonly used method of estimating the mean
Manning roughness coefficient using the mean vegetation and
flow parameters will have errors.

6. Discussion and conclusion

For submerged vegetated flows, the characteristics of
flows within the vegetation layer and the clear water layer
can be distinctively different. Part of the flow in the clear
water layer will penetrate into the vegetation layer. The
depth of penetration will depend on the vegetation charac-
teristics and flow conditions. The turbulence length scale
within the vegetation layer and that within the clear water
layer are also different. To differentiate this difference in
turbulence characteristics and to account for the resulting
hydraulic resistance effect, a zero-plane displacement
parameter (zo) is introduced into an inducing equation and its
simplified form for submerged vegetated flows. The new
inducing equations are calibrated from the synthetic velocity
profile data generated by a numerical model which has been
extensively verified. The zero-plane displacement parameter
is shown to relate empirically with the vegetation parameters
through equations (9) and (12). A large number of experi-
mental data sets by various investigators are then used to
verify the equation and its simplified version. The vegetation
tested ranges from natural to artificial type, with low to high
density, and with rigid to highly flexibility. The performance
of the equations is generally better than previous equations
without the zero plane displacement parameter. The equa-
tions have been subsequently applied to the field
successfully.

For practical applications, the accuracy of the prediction by
the equations is further assessed. The sources of uncertainty
are due to the limitations of the equations and the variability of
the input vegetation and flow parameters. The uncertainty of
the inducing equations in the estimation of the Manning
roughness coefficient is expressed by the NRMSD and is
found to be less than 18% for the entire data set. The pre-
diction accuracy is higher if the drag coefficient is measured
and specified. The propagation of the uncertainty due to the
variability of the vegetation and flow parameters existed in
nature is investigated by using the method of UT. The method
is found efficient and gives a more accurate estimation of the
mean Manning roughness coefficient. By measuring the
vegetation and flow parameters with uncertainty ranges, the
inducing equations together with the UT method can be used
to compute the mean and covariance of the Manning rough-
ness coefficient.
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Nomenclature

cb1 constant (¼ 0.1355)
cb2 constant (¼ 0.622)
cn1 constant (¼ 7.1)
cw2 constant (¼ 0.3)
cw3 constant (¼ 2)
bv width of stem (m)
CD drag coefficient (�)
d length scale
E flexural stiffness (N/m2),
Fi (¼ Fx, Fy, Fz) are the resistance force components (N/

m3)
frk vegetative resistance parameter (m�1)
fv vegetative resistance parameter (�)
h water depth (m)
I second moment of area (m4)
k turbulent kinetic energy (m2 s�2)
kd deflection vegetation height (m)
kv vegetation height (m)
L turbulent length scale (m)
M bending moment (Nm)
n vegetative Manning's roughness coefficient (m�1/3s)
N vegetation density (number of stems per m2)
ui (¼ u, v, w) are the time-averaged velocity compo-

nents (ms�1)
xi (¼ x, y, z) are the spatial coordinates (m)
z0 zero plane displacement parameter (m)
Z 0
o modified zero plane displacement parameter (m)

Greek symbols

d deflection in x-direction (m)
a constant (¼ 0.5)
b constant (¼ 0.7)
z vegetation parameter (�)
r water density (kg/m3)
tij Reynolds stresses (N/m

2)
n new eddy viscosity variable (m2 s�1)
nm molecular viscosity (m2 s�1)
nt eddy viscosity (m2 s�1)
k von Karman constant (�)
l scaling parameter (�)
6 scaling parameter (> 0)
ao scaling parameter (between 0 and 1)
bo scaling parameter (¼ 2)
s constant (¼ 2/3)
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